Abstract. We use methods of noncommutative functional analysis to extend the range of the usual functional calculus, for certain subalgebras of the corona. In particular, we construct corona projections with interesting properties.
Introduction
It may reasonably be said that the application of methods of algebraic topology to operator theory began with the work of Brown, Douglas, and Fillmore [1] , followed by the fundamental papers of Kasparov [7, 8] . The very first steps in this direction, however, are probably due to Busby [2] .
The first major success of these topological methods was the classification of the (approximately) abelian C * -algebras generated by essentially normal operators. In this note, we apply ideas not far removed from those of Brown, Douglas, and Fillmore to study the nature of more general abelian subalgebras of the corona algebras of separable and stable C * -algebras. Recall that, in [5] , a property of extensions called the purely large property was introduced and was proven to characterize absorbing extensions. The purely large condition is an algebraic condition on a subalgebra of a multiplier algebra associated with a given essential extension. An essential extension of A by B is said to be purely large if the extension algebra satisfies the purely large condition as a subalgebra of the multipliers of the canonical ideal, B. (The exact definition will be given later, as part of Theorem 1.1.) We recall that the introduction of the absorption property for extensions was originally motivated by the observation that extensions form a semigroup, under so-called Brown-Douglas-Fillmore addition. By definition, the BDF sum of (the Busby maps of) two essential extensions τ 1 , τ 2 is a → w 1 τ 1 (a)w * 1 + w 2 τ 2 (a)w * 2 where w 1 , w 2 are isometries generating a copy of O 2 in the multipliers. Such a copy of O 2 will exist if the canonical ideal B is stable, and happily, the Cuntz algebras O n have a universal property that ensures that a unital copy of O 2 in the multipliers is unique up to conjugation by a multiplier unitary. Hence the above addition operation is unique up to unitary equivalence classes of extensions. Originally, a theorem due to Voiculescu [12] was used to show that in certain situations, extensions whose Busby maps lift to homomorphisms into the multipliers are actually algebraically trivial in the semigroup. Extensions that lift to homomorphisms in this sense are usually therefore called "trivial extensions." With this terminology, we can define the absorption property by saying that a semisplit extension τ is absorbing if the semigroup sum of τ with any trivial extension is unitarily equivalent to τ, or, even more briefly, that an extension is absorbing if trivial extensions are algebraically trivial with respect to the given extension. In a previous paper [5] , by means of a generalization of the theorem due to Voiculescu (and further developed by others), we showed that the following conditions are equivalent. i) The extension absorbs trivial nuclear extensions.
ii) The extension algebra has the purely large property, i.e., the property that, for every positive element c ∈ C + that is not zero in C/B, the hereditary subalgebra that it generates, cBc, contains a stable subalgebra that is full in B.
We can say that an element of the corona, x, is purely large if C * (x) is in the image of an absorbing extension, or equivalently, if every lifting of C * (x) to the multipliers has the property described in the second clause of the above theorem.
Note that in the above theorem, it is not assumed that B is simple. However, if B is not simple, the algebra C then has to be full with respect to B, so to speak, in a very strong sense. We next proceed to construct such an algebra.
First, fix a copy of O 2 in the multipliers, and let us agree that (Brown-DouglasFillmore) addition of extensions will be with respect to this copy. Words in the generators w 1 and w 2 of O 2 can be used to construct an infinite sequence of isometries, v 1 , v 2 , v 3 , · · · that generate a copy of O ∞ . Let B be of the form B 0 ⊗ K, where B 0 is unital, and define a mapδ : Noticing that c 0 can be thought of as C 0 (N), where the integers N have the usual discrete topology, we see that the space of characters of Proof. Choose some positive element (λ i ) of ∞ that is not in c 0 . We must show that the hereditary subalgebra δ((λ i ))Bδ((λ i )) is stable and full in BcB.
Let (e ii ) be the projections defining the map δ. The multiplier element
is also full in B, and it is not difficult to show that the hereditary subalgebra H := cBc is therefore full in B.
We shall show that the multipliers of H contain an infinite family of equivalent, orthogonal projections summing to the identity (in the strict topology), which will then be used to show that H is stable.
Let L be the support projection of c, which is the multiplier projection obtained by applying δ to the sequence
Since λ j does not go to zero as j −→ ∞, this sequence (s j ) is nonzero for infinitely many j. It is clear that H = LBL, and hence the multipliers M(H) of H are equal to the multiplier corner LM(B)L. Let us now replace the (e ii ) by the infinite subsequence, still denoted (e ii ), corresponding to the nonzero λ i . Since the projections e ii are majorized by L, we see that the e ii are projections in LM(B)L. Thus, the e ii are in the multipliers of H, are equivalent, and sum to 1 strictly. It follows that H is stable.
Proposition 1.3. Given a unital abelian separable subalgebra A of M(B)/B, there is a commutative diagram
0 c B c C(β(N)) ∼ = ∞ (N)δ −→ M(B) −→ 0 c c π c A −→ C(β(N) \ N) ∼ = ∞ (N)/c 0 (N) δ −→ M(B)/B −→ 0.
The (Busby) map from A to M(B)/B defined by this diagram is injective, purely large, and nuclear. It is trivial if and only if A is separable.
Proof. By the Gelfand theorem, A = C(X) for some compact Hausdorff space X with a countable dense subset. This countable dense subset gives us a continuous mapping h : N −→ X with dense image in X. Using the fundamental property of Stone-Čech compactifications to extend h uniquely to a map β(h) : β(N) −→ X, we see that the image of β(h) is compact, hence closed, and dense in X. Therefore the image is all of X, and the pullback of β(h) is thus an injective homomorphism of A into C(β(N)), which we then compose withδ to obtain (the lifting of) a trivial Busby map.
Recall that the extension algebra C associated with the constructed Busby map, τ, is by definition the pullback
Since τ has no kernel, we may as well regard C as being identified with its image in M(B), and then by comparing with the above diagram, we see that the extension algebra is in fact a subalgebra of the image W ofδ in M(B). The image algebra W is purely large by Lemma 1.2, and the purely large property passes to subalgebras, so that the extension is purely large as claimed.
In order to avoid making our statements too technical, we have generally tried to avoid the language of K-theory. For the purposes of developing a functional calculus, we are primarily interested in the case of singly-generated abelian subalgebras, and the following lemma shows that most such elements are K-theoretically trivial. Hence only the purely large condition will need to be verified.
Lemma 1.4. If A is a separable abelian C * -algebra generated by a single selfadjoint element a with connected spectrum [0, a ], then copies of A in a corona M(B)/B lift to the multipliers by a homomorphism.
Proof. Taking the image of the generator of A in the corona, we can lift it to a selfadjoint element in the multipliers. Doing this might in general increase the spectrum, but we can apply a suitable continuous function to make sure that the lifting has the same spectrum as the original element. Then we can use the Gelfand theorem to contruct a homomorphism s :
Assembling the above lemmas, we see that if x is a selfadjoint element of the corona that has continuous spectrum, and the purely large property, then the trivial extension Next on the agenda is to consider the implications of this above observation for the functional calculus of x. Loosely speaking, we may hope that the associated algebra of x is large enough to allow a few constructions that at first glance would seem to require passing to the second dual. We have seen that we can transport x into W by a unitary equivalence, and since the image of x is a function on a totally disconnected compact Hausdorff space, we may be able to construct elements of W that have interesting properties with respect to the image of x. If those properties can be expressed in terms of equations or commutation relations, we can then transport back (conjugating by U * x ) to obtain elements that commute with the originally given x, and that still have the properties of interest with respect to the original x. Of course, the newly constructed elements of what we call the associated algebra belong to C * (x) ∩ M(B)/B, and may or may not be in C * (x) . First we address the question of whether or not we obtain anything that cannot be done with the ordinary functional calculus. The next several results are largely a (not entirely trivial) restatement of topological properties of β(N) in operator-theoretical terms. Proof. Since f 1 and f 2 are orthogonal, the C * -algebra they generate is really the same as the algebra generated by f 1 ⊕ f 2 . By Lemma 1.4, this algebra is the image of a trivial absorbing extension, and we can inject f 1 and f 2 into W, by conjugation by a multiplier unitary. We still denote their images by f 1 and f 2. 
we now transport p back, obtaining a projection p ∈ M(B)/B in the associated algebra such that p and f i commute. Since the algebra generated by A and p is separable, abelian, and is in the image of a purely large subalgebra by a multiplier unitary, we are done.
In the next proposition, A can for example be any separable algebra generated by one or more orthogonal positive elements with the purely large property. We first need the following topological result. For the last part, notice that the orthogonal set of projections found in the previous paragraph will, since they are not annihilated by f, give an uncountable set of orthogonal elements of the hereditary subalgebra f
M(B)
B f generated by f in the corona. This cannot happen if the hereditary subalgebra can be faithfully represented on a separable Hilbert space. Remark 1.11. Notice that we have also shown that no copy of W can be faithfully represented on a separable Hilbert space. Since, by Proposition 1.2, a copy of W exists in the corona of any stable separable C * -algebraB 0 ⊗ K, we have shown that no such corona algebra can be represented on a separable Hilbert space. (This was pointed out to us by Akemann. In fact, Akemann's example works even without stability, but on the other hand, our result gives much more precise information.)
One may optimistically ask if one could use Proposition 1.8 to construct a Borel function calculus based on projections, similar to that found in von Neumann algebras. The closed and open subsets do form a Boolean algebra, but it can be shown not to be complete. The smallest complete Boolean algebra is the one generated by the (co)-zero sets in β(N) \ N. In fact, it is of interest that a strictly increasing sequence of projections in W can never have a least upper bound. We thus have the following interesting result (a reformulation of a result originally due to W. Rudin), reminiscent of Pedersen's CRISP property [11] . One of the differences is that here, part of the conclusion is that the element constructed is neither less than nor greater than elements of some specified countable sequence (C i ). 
In particular, in between any two comparable but not equal projections A and B, one can find another projection, which can moreover be taken incomparable to some projection that is not comparable with either A or B.
Theorem 1.13. The functions with finite range are dense in W.
Proof. It is sufficient to consider only real-valued functions. The corona β(N) \ N has topological dimension zero, and hence W has Katětov dimension zero. Thus, if R ⊂ C(β(N)\N) is a subring of real functions containing the constant functions, and having the property that f 2 ∈ R implies f ∈ R, then R is dense in the selfadjoint part of C(β (N) \ N) . In particular, the subring of real functions with finite range is such a ring, and hence is dense in the selfadjoint part of W.
The following corollary is a reasonably well-known general property of function algebras over totally disconnected Hausdorff spaces; see, for example, Goodner [6] . Corollary 1.14. The algebra W is generated by its projections. Proof. It is known [3] that a nontrivial polynomial P (x, λ) = λ n + a n−1 (x)λ n−1 + · · · + a 0 (x) with coefficients a i (x) coming from a function algebra on a compact, totally disconnected Hausdorff space has at least one root λ = f (x) in that function algebra. Since there is a unique factorization theorem and a division algorithm for polynomials over a commutative ring, P (x, λ) = Q(x, λ) · (λ − f (x)). Since Q(x, λ) will also have a root in W, we proceed by induction on the degree of P.
Next, observing that since the canonical ideal B is stable, the corona contains a lot of equivalent projections, and hence is stable under tensor products with finite matrix algebras, we have M n (M(B)/B) = M(M n (B))/M n (B) ∼ = M(B)/B. Therefore, in M(B)/B there will be a lot of subalgebras of the form C(X) ⊗ M n . If the subalgebra C(X) is in the image of an absorbing extension, as will always be the case if, for example, B is purely infinite and simple, it seems interesting to consider the behaviour of the enveloping subalgebra, W ⊗ M n . We then have the following proposition, obtained by applying the results of [4] to our situation. 
